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1. INTRODUCTION

Polymer brushes (polymers end-grafted on a substrate) are
one of the most commonly studied polymeric systems due to
their wide applications in many fields, including colloidal stabi-
lization, surface modification, lubrication, adhesion, composite
materials, stimuli-responsive surfaces, etc. There are several books,1

many review articles,2 and numerous research papers on polymer
brushes. In this work, we limit our discussion to the simplest case
of a monodisperse, uncharged and flexible homopolymer brush
on a planar and nonadsorbing substrate immersed in a small-
molecule solvent (either implicit or explicit); we do not consider
interactions between polymers and grafting substrate, nor the
cases of a compressed/stretched brush and two opposing
brushes.While other theoretical formalisms, including the scaling
arguments,3,4 single-chain-mean-field theory5 and density-func-
tional theory,6�8 have been applied to such systems, here we
focus on the most widely used self-consistent field (SCF) theory9

and its test by molecular simulations.
Various forms of SCF theory have been applied to the study

of homopolymer brushes, which can be distinguished by their
model systems, i.e., Hamiltonians including both chain model
and nonbonded interactions, employed in the starting field
theory and further approximations rendering the field theory
tractable. As for the chain model, continuous Gaussian chains

(CGC), which can be stretched infinitely, and lattice polymers,
which cannot be stretched beyond their contour length, are
commonly used, and chains with finite extensibility in continuum
are also considered. As for the nonbonded interactions, an
implicit solvent is described by the second virial coefficient
v with the third virial coefficient w also needed for a poor solvent,
and an explicit solvent is described by the Flory�Huggins
χ parameter along with the incompressibility constraint requiring
the total volume fraction of polymer and solvent to be 1 every-
where, which includes all the higher-order terms neglected in the
theoretical treatment of an implicit solvent.

Dolan and Edwards first applied the continuum SCF theory
(with CGC and v, referred to as CvT hereafter) to study the
homopolymer brushes.10 Whitmore and co-workers studied the
case of an explicit solvent;11�15 for their purpose of comparing
with experiments, different bulk number densities for polymer
segments and solvent molecules and finite-range χ interactions
were used in refs 11�13. A finite-width distribution of grafting
points was also used in all of their SCF calculations.11�15 Given a
model system, the only approximation in these SCF theories is
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ABSTRACT: Using fast lattice Monte Carlo (FLMC) simula-
tions both in a canonical ensemble and with Wang-Landau�
transition-matrix sampling, we have studied a model system of
homopolymer brushes in an implicit, good solvent. Direct
comparisons of the simulation results with those from the
corresponding lattice self-consistent field (LSCF) theory, both
of which are based on the same Hamiltonian (thus without any
parameter-fitting between them), unambiguously and quantita-
tively reveal the fluctuations and correlations in the system. We
have examined in detail how the chain number density C and the interaction strengthN/k (whereN is the number of segments on a
chain and k is inversely proportional to the second virial coefficient characterizing the solvent quality) affect both the brush
structures and thermodynamics. For our model system, the LSCF theory is exact in both limits of C f ∞ and N/k f ∞, where
there are no fluctuations or correlations. At finite C andN/k > 0, the segmental density profile in the direction perpendicular to the
grafting substrate obtained from FLMC simulations is flatter than the LSCF prediction, and the profile differences are smaller in
higher dimensions. The free-end density from FLMC simulations is also lower than the LSCF prediction well inside the brush. The
LSCF theory underestimates the free energy but overestimates the entropy per chain, and underestimates the internal energy per chain at
small N/k but overestimates it at large N/k. At large C, FLMC results approach LSCF predictions at a rate of 1/C in most cases.
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the mean-field approximation that ignores the fluctuations and
correlations in the system.

On the basis of Semenov’s classical theory16 strictly valid in
the limit of infinite stretching of CGC, Milner et al. obtained the
analytical solution (referred to as IST hereafter) to CvT, where
fluctuations around the most probable chain trajectory are ne-
glected (i.e., the classical approximation).17,18 Similar work was
independently performed by Zhulina and co-workers for the cases
of an explicit athermal solvent (i.e., χ = 0)19,20 and an implicit
solvent described by both v and w.20,21 For finite stretching of
CGC,Netz and Schick derived the classical theory (CT) fromCvT
by applying the classical approximation, which reduces to IST of
Milner et al. in the limit of infinite stretching.22,23 More recently,
adapting the theory of Likhtman and Semenov for dry brushes
with no solvent,24Kim andMatsen proposed analytical corrections
to the IST of Milner et al. due to the brush depletion layer and tail
region.25 Corrections due to the finite extensibility of chains have
also been incorporated in IST: Shim and Cates first modeled such
chains in continuum in an explicit solvent using an ad hoc
approximation;26 Amoskov and Pryamitsyn treated freely jointed
chains and chains on various lattices in an athermal explicit
solvent;27�29 and most recently Biesheuvel et al. proposed an
empirical expression for freely jointed chains in an athermal
solvent, where the polymer excluded-volume interactions were
treated with the Carnahan�Starling equation of state.30

On the other hand, the lattice self-consistent field (LSCF)
theory of Scheutjens and Fleer (in an explicit solvent)31 has been
applied to the homopolymer brushes by Cosgrove et al.,32

Gorbunov and co-workers (for an athermal solvent),33,34 Hirz,35

Huang and Balazs (in 2D),36 andMartin andWang (for athermal
solvents),37 among others. Note that the Dirac δ-function
interaction is used in continuum theories, except in refs 11�13
where finite-range interactions were used, and that the nearest-
neighbor interaction (usually on a simple cubic lattice) is used in
LSCF calculations, except in refs 38 and 39 where the Kronecker
δ-function interaction was used.

The consequences of different model systems and further ap-
proximations (mainly the classical approximation) can be revealed
by detailed comparisons between the various forms of SCF theory.
For example, IST for chains in continuum has been compared
with LSCF calculations by several groups;17�19,26,38,39 the model
differences, however, were mixed with the classical approximation
and the assumption of infinite chain-stretching in these com-
parisons. Consequences of the classical approximation and the
infinite-stretching assumption were unambiguously revealed only
by Netz and Schick23 and by Kim and Matsen,25 who compared
CvT, CT, and IST using exactly the same model system.

To reveal the consequences of the mean-field approximation
inherent in all SCF theories, comparisons with molecular simula-
tions are needed. Molecular dynamics,40�47 Brownian dynamics,48

dissipative particle dynamics,49 lattice Monte Carlo (MC),15,50�58

and off-latticeMC44,59�61 simulations have been performed for the
homopolymer brushes in a solvent. Due to its analytical results, IST
for CGC in an implicit solvent17,18,20,21 has been most commonly
compared with molecular simulations.30,40,41,43�45,50,52,53,58,62 In
addition, P�epin and Whitmore compared their lattice MC simula-
tionswith continuum SCF calculations both in an explicit and good
solvent,15 Seidel and Netz compared their molecular dynamics
simulations with CvT,43 and Kreer et al. compared molecular
dynamics, off-lattice MC, and lattice MC simulations with CvT.44

While these molecular simulations have provided important
insights and greatly furthered our understanding of polymer

brushes, we note that they have examined only structures (e.g.,
segmental distributions, brush height, and bond orientation) but
not thermodynamics (e.g., internal energy, free energy, and
entropy) of the brushes. To the best of our knowledge, only
Ohno et al. obtained the entropy and related Helmholtz free
energy of homopolymer brushes in an athermal solvent in their
lattice MC simulations.56 Furthermore, none of the above
comparisons was done using exactly the same model system in
both SCF theories and molecular simulations. They therefore
could not unambiguously distinguish the model differences from
the consequences of the mean-field approximation. There are
several differences between the model systems in molecular
simulations and the continuum SCF theories used in these
comparisons: (1) While CGC was used in the theories, chains
of finite extensibility (i.e., lattice polymers and chains in con-
tinuum with either a fixed bond length59 or the finite extensible
nonlinear elastic bonding potential) have been used in the
simulations, except that the discrete Gaussian chains were used
in refs 48, 60, and 61 and that chains with a harmonic bonding
potential was used in ref 49. This difference in chain models
is significant when chains are strongly stretched, as in a good
solvent or at high grafting densities. (2) While the nonbonded
interactions due to solvent were described by the Dirac δ-function
interaction (which is “soft” and allows particle overlapping) in
the theories, finite-range and sometimes anisotropic (as in all the
lattice MC simulations and ref 61) interactions were used in the
simulations with hard-core repulsions that prevent particle over-
lapping, except in refs 48, 60, and 61 where soft potentials63 were
used. This difference in nonbonded interactions is significant
when the polymer segmental density is high, as in a poor solvent
or at high grafting densities. (3) While the grafting substrate has
no energetic interactions in the theories, a repulsive substrate has
to be used in all the molecular dynamics, Brownian dynamics,
and dissipative particle dynamics simulations. This difference
is in general not significant except very close to the substrate.
(4) While the SCF calculations were done in 1D under the
assumption of lateral homogeneity except in ref 36 where they
were done in 2D, the simulations were done in 3D with either
regularly or randomly placed grafting points. This difference is
significant when the lateral inhomogeneity is large, as in a poor
solvent41,46,53,55,59,61 or at low grafting densities. These model
differences, although easy to understand qualitatively, are difficult
to be unambiguously quantified and separated from the con-
sequences of the mean-field approximation in the aforemen-
tioned comparisons. Last but not least, when IST is compared
with molecular simulations, consequences of the classical ap-
proximation and the infinite-stretching assumption are mixed
with and again difficult to be unambiguously quantified and
separated from those of the mean-field approximation.

In this work, we compare fast lattice Monte Carlo (FLMC)
simulations64 and the corresponding LSCF calculations using ex-
actly the samemodel system, to unambiguously quantify the system
fluctuation/correlation effects ignored by the mean-field approx-
imation on both the brush structures and thermodynamics. This
is the second paper in our series of studies with such purpose. In
our first paper (referred to as paper 1 hereafter), we quantified
the fluctuation/correlation effects in a simple, homogeneous
system of compressible homopolymer melts (or equivalently,
homopolymers in an implicit, good solvent).65 Here we study the
corresponding inhomogeneous system of homopolymer brushes
in an implicit, good solvent. Homopolymer brushes in an explicit
solvent with varying quality are examined in a subsequent paper



7839 dx.doi.org/10.1021/ma201310e |Macromolecules 2011, 44, 7837–7852

Macromolecules ARTICLE

in our series.66 These studies are the prerequisite for developing
more accurate theories for polymer brushes.

2. SIMULATION AND THEORETICAL FORMALISMS

2.1. Model System. We consider a homopolymer brush
system of n chains each having N segments in an implicit, good
solvent on a lattice, which has L = N lattice layers in the x direc-
tion. The first segment of all chains is grafted at x = 1 (i.e., in the
first layer), and an impenetrable wall is placed at x = 0, which
cannot be occupied by polymer segments. The canonical-
ensemble partition function of the system is

Z ¼ 1
n!

Yn
k¼ 1

YN
s¼ 1
∑
Rk;s

3 expð� ∑
n

k¼ 1
βhCk � βH EÞ ð1Þ

where Rk,s denotes the lattice position of the sth segment on the
kth chain, “ 3 ” means that the products before it do not apply to
the term after it but the summation before it does, and β� 1/kBT
with kB being the Boltzmann constant and T the absolute
temperature. hk

C is the Hamiltonian of the kth chain due to its
chain connectivity; βhk

C = 0 if the chain connectivity is main-
tained, and∞ otherwise. Finally, the system Hamiltonian due to
nonbonded interactions is given by

βH E ¼ 1
2kF0

∑
r
½F̂ðrÞ � F0�2 ð2Þ

where F0 � nN/V is the average segmental density with V being
the total number of lattice sites, and the microscopic density of
polymer segments at lattice site r is F̂(r) � ∑k=1

n ∑s=1
N δr,Rk,s

with
δr,Rk,s

denoting the Kronecker δ-function. Known as the Helfand
compressibility,67 k is equivalent to the second virial coefficient
v = 1/kF0 denoting the solvent quality; N/k = 0 corresponds to
the θ-solvent, while a positive value corresponds to a good
solvent. As in paper 1,N/k here is a physical parameter whileN is
merely a model parameter quantifying the chain discretization.
2.2. Fast LatticeMonte Carlo Simulations. 2.2.1. Canonical-

Ensemble Simulations. Some of our FLMC simulations are
performed in a canonical ensemble, where n, V, and k are fixed.
While most of our simulations are performed on a 1D lattice, we
have also used various 2D and 3D lattices with Lb lattice sites in
the y (and z in 3D) direction along which periodic boundary
conditions are applied; we therefore have V = Lb

d�1L, where d
denotes the system dimensionality. For all the simulations in
2D and 3D, one chain is grafted at every lattice site at x = 1 (i.e.,
n = Lb

d�1), which ensures the lateral homogeneity of our system
and thus the direct comparisons with our 1D LSCF calculations
discussed below.
Two types of biased trial moves, the simple configurational

bias (SCB) and topological configurational bias (TCB) moves,68

occurring with a probability of 0.1 and 0.9, respectively, are
employed in our simulations. In SCB trial moves, we cut and
regrow a partial chain of lS = 5 segments from the free end of a
randomly chosen chain and accept the trial move according to
the criterion of P CB

accðofnÞ = min [1, Ro/Rn], where Rn and Ro
are the Rosenbluth weight68 of the trial (n) and old (o)
configurations, respectively. In TCB trial moves, an inner section
of lT = 7 segments of a randomly chosen chain is cut and regrown;
the acceptance criterion is the same as that for SCB trial moves,
except that the Rosenbluth weight now includes a bias to satisfy
the chain connectivity constraint.68 About (2.5�20) � 106

Monte Carlo steps (MCS), which depend on n, N, and k, are

performed in each simulation, where one MCS is defined as nN
trial moves. The error bar of each ensemble-averaged quantity is
estimated in the same way as in paper 1.65

2.2.2. Wang-Landau�Transition-Matrix (WL-TM) Sampling.
As in paper 1, we use the combined WL-TM sampling69�71 to
estimate the density of states (DoS) Ω(E) on the 1D lattice,
defined as the number of microstates having the same E �
∑r[F̂(r) � F0]2, within a chosen E range. Note that Ω(E) = 0
for odd E in our simulations, and such macrostates are thus not
included here. We use the same biased trial moves as in our
canonical-ensemble simulations. At the beginning of WL-TM
sampling, an array g(E) is set to unity, and a matrix C(E,E0) used
to estimate the transition probability from macrostate E to E0 is
set to zero; they are updated during the simulation. The details of
our WL-TM sampling are given in paper 1.65 Due to the biased
trial moves, however, the following acceptance criteria must be
used

P WL
acc ðof nÞ ¼ min 1;

gðEoÞR∞
n

gðEnÞR∞
o

" #
ð3Þ

P TM
acc ðof nÞ ¼ min 1;

T̂∞ðEn f EoÞR∞
n

T̂∞ðEo f EnÞR∞
o

" #
ð4Þ

where Rn
∞ and Ro

∞ are the Rosenbluth weights at infinite tem-
perature (i.e., β = 0)68,72 with T̂∞ given in paper 1, instead of eqs 3
and 6 in paper 1, respectively. In addition, the C-matrix is now
updated according to71

CðEo;EnÞ f CðEo;EnÞ þ min 1;
R∞
n

R∞
o

" #

CðEo;EoÞ f CðEo;EoÞ þ 1�min 1;
R∞
n

R∞
o

" #
ð5Þ

instead of eq 4 in paper 1. If the trial configuration is out of the E
window specified in the simulation, it is rejected and the C-matrix
is updated according to C(Eo,Eo) f C(Eo,Eo) + 1, as in paper 1.
Note that g(E) obtained from WL-TM simulations has a

undetermined factor, so we normalize it such that g(E=0) = 1.
Because the density of the ground state of our n-chain brush
system in 1D (where all the chains are fully stretched) isΩ0(n)�
Ω(E=0;n) = 1/n!, we haveΩ(E) = g(E)/n! (for conciseness, the
explicit dependence of Ω(E) and g(E) on n is omitted in our
notation); readers are referred to paper 1 for more details.
Once g(E) is obtained, we can compute the Helmholtz free

energy per chain

βfc;FLMCðN=kÞ � � ln Z ðN=kÞ
n

¼ � 1
n
ln ∑

E

gðEÞ
n!

exp �C
2
N
k

E
F02

 !
ð6Þ

where C � n/V denotes the chain number density, and any
canonical-ensemble average as a function of N/k. For the
latter, we define the normalized probability distribution of E at
N/k as

PðE;N=kÞ ¼ gðEÞ
n!

exp �C
2
N
k

E
F02

 !.
Z ðN=kÞ ð7Þ
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The internal energy per chain is then

βuc;FLMCðN=kÞ � ÆβH EðN=kÞæ
n

¼ 1
2N

N
k
ÆEðN=kÞæ

F02

¼ 1
2N

N
k ∑E

E
F02

PðE;N=kÞ ð8Þ

and the entropy per chain can be obtained from the thermo-
dynamic relation

scðN=kÞ=kB ¼ βucðN=kÞ � βfcðN=kÞ ð9Þ
Finally, the canonical-ensemble average of the mean-square
chain end-to-end distance in the x direction Re,FLMC

2 is calcu-
lated as

Re;FLMC
2ðN=kÞ � ∑

E
Re

2ðEÞ PðE;N=kÞ ð10Þ

where Re
2(E) � ∑jRe,j

2δEj,E/∑jδEj,E is the microcanonical-
ensemble average of Re,j

2 over all the configurations sampled
during the WL-TM simulation that belong to the macrostate E,
Re,j

2� ∑k=1
n (Xk,N� 1)2/n for configuration j, andXk,s denotes the

x-coordinate of the sth segment on the kth chain. The canonical-
ensemble average of brush height hFLMC(N/k) and the mean-
square chain radius of gyration in the x direction Rg,FLMC

2(N/k)
are calculated in a similar way, with hj � 2∑x=1

L (x �1)F̂(x)/nN
and Rg,j

2 = ∑k=1
n ∑s=1

N�1∑t=s+1
N (Xk,s � Xk,t)

2/nN2.
2.3. Lattice Self-Consistent Field Calculations. Because the

brushes in our 2D and 3D simulations are laterally homogeneous,
they can be directly compared to 1DLSCF calculations performed
in the x direction. To formulate the corresponding LSCF theory
with the sameHamiltonian as in our FLMC simulations, we insert
in eq 1 the identity 1 = (F0/2π)L

R
dO dω exp{iω 3 [F0O � Ĝ]},

where Ĝ � {F̂(x)} is a vector of L elements, O � {φ(x)} is the
normalized segmental density (volume fraction) field constrained to
Ĝ/F0, andω� {ω(x)} is the conjugate field imposing the constraint.
We finally have Z = (F0/2π)

L RdO dω exp{�nβfc[φ,ω]} with

βfc ¼ 1
L ∑

L

x¼ 1

N
2k

½ϕðxÞ � 1�2 � iωðxÞ ϕðxÞ
� �

� ln Q ½iω� � lnðGn=n!Þ
n

ð11Þ

where we have rescaled variables according toNωfω and defined
the single-chain partition function Q[iω] � Q

s=1
N ∑Xs 3

exp[�βhC � i∑s=1
N ω(Xs)/N]/G with G � Q

s=1
N ∑Xs 3

exp(�βhC) = zN�1L and z denoting the lattice coordination
number; note that GQid = ∑Eg(E,n=1) (i.e., the total number
of conformations of a single grafted chain) withQid�Q(N/k=0).
The LSCF equations are obtained by settingδβfc/δφ(x) =δβfc/

δiω(x) = 0 (i.e., the mean-field approximation9) and given by

iωðxÞ ¼ N
k
½ϕðxÞ � 1� ð12Þ

ϕðxÞ ¼ ∑
N

s¼ 1
ϕsðxÞ ð13Þ

ϕsðxÞ ¼ exp½iωðxÞ=N�
q�Nðx¼1Þ qsðxÞ q�Nþ 1� sðxÞ ð14Þ

where φs(x) is the normalized density profile of the sth segment on
the chain, the propagator qs(x) corresponds to the probability of

finding a partial chain of s segments starting from the grafted end
and ending at x in the system, and qt*(x) corresponds to the
probability of finding a partial chain of t � N + 1 � s segments
starting from the free end anywhere in the system and ending at x.
According to the chain connectivity, we have the recursive relations

q
�
tþ 1ðxÞ ¼ exp½ � iωðxÞ=N�f½ð1� z0Þ=2�½q�t ðx� 1Þ

þ q
�
t ðx þ 1Þ� þ z0q

�
t ðxÞg ð15Þ

qsþ1ðxÞ ¼ exp½ � iωðxÞ=N�f½ð1� z0Þ=2�½qsðx� 1Þ
þ qsðx þ 1Þ� þ z0qsðxÞg ð16Þ

with the initial conditions q1*(x) = exp[�iω(x)/N] and q1(x) =
exp[�iω(x)/N]δx,1 and the boundary conditions qs(x) =
qt*(x) = 0 for x < 1 and x > L, and Q = qN* (x = 1)/L. Here z0
is the fraction of the nearest-neighbor lattice sites that are at the
same x of a given lattice site; for example, z0 = 0 for both the 1D
lattice and 3D body-centered cubic (BCC) lattice, and z0 = 1/3
for both the 2D hexagonal (HEX) and 3D face-centered cubic
(FCC) lattices.
We solve the LSCF equations using the Broyden method

combined with a globally convergent strategy,73 where the
residual errors of eq 12 at all x are less that 10�12. We then
calculate the propagator Qp,s(x|x0), which corresponds to
the probability of finding a partial chain of s + 1 segments
that starts at x0 and ends at x in the obtained conjugate
field ω(x), from the following equation analogous to eqs 15
and 16

Qp;sþ1ðxjx0Þ ¼ exp½ � iωðxÞ=N�f½ð1� z0Þ=2�½Qp;sðx� 1jx0Þ
þ Qp;sðx þ 1jx0Þ� þ z0Qp;sðxjx0Þg

ð17Þ
with the initial condition of Qp,s=0(x|x0) = exp[�iω(x)/N]-
δx,x0 and appropriate boundary conditions. The mean-square
chain radius of gyration in the x direction can finally be
computed as

Rg;LSCF
2

¼ 1
N2 ∑

N� 1

s0¼1
∑
N

s¼ s0 þ 1
∑
L

x¼ 1
∑
L

x0 ¼ 1

exp
iωðxÞ þ iωðx0Þ

N

� �"(

�qNþ1�sðxÞ Qp;s�s0 ðxjx0Þ q�s0 ðx0Þðx� x0Þ2
#.

q
�
Nðx ¼ 1Þ

h i)

ð18Þ
where the term in the summationwith s0 = 1 and s =N is themean-
square chain end-to-end distance in the x direction Re,LSCF

2.
Once the LSCF equations are solved at a given N/k, we

calculate

βΔfc;LSCF � βfc;LSCF � βfc;LSCFðN=k ¼ 0Þ

¼ 1
2L

N
k ∑

L

x¼ 1
½1� ϕðxÞ2� � ln

Q
Q id

ð19Þ

ELSCF
F02

� ∑
L

x¼ 1
½ϕðxÞ � 1�2 ð20Þ
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βuc;LSCF ¼ 1
2N

N
k
ELSCF
F02

ð21Þ

sc;LSCF
kB

¼ βuc;LSCF � βfc;LSCF ¼ 1
L
N
k ∑

L

x¼ 1
½ϕðxÞ2 � ϕðxÞ�

þ ln Q þ lnðGn=n!Þ
n

ð22Þ

hLSCF � 2
L ∑

L

x¼ 1
ðx� 1ÞϕðxÞ ð23Þ

as well as Re,LSCF
2 and Rg,LSCF

2.
In the limit of N/k f ∞, the system is in the ground state

with φ(x) = 1 for 1 e x e N. In this case, all chains must have
the same conformation, which is the most extended in the
x direction (i.e., Xs+1 = Xs + 1); the total number of such
conformations (of a single grafted chain) is given by GQ(N/k
f ∞) = [z(1 � z0)/2]

N�1. We therefore have

βΔfc;LSCF ¼ lnðGQ idÞ � ðN � 1Þ ln zð1� z0Þ
2

ð24Þ

ELSCF=F0
2 ¼ βuc;LSCF ¼ 0 ð25Þ

sc;LSCF
kB

¼ ðN � 1Þ ln zð1� z0Þ
2

� ln n!
n

ð26Þ

hLSCF =N� 1, Re,LSCF
2 = (N� 1)2, and Rg,LSCF

2 = (N2� 1)/12
in this limit.

3. RESULTS

Our results presented here are for chains of N = 60 segments
on a 1D lattice, except that in section 3.2.3 we present canonical-
ensemble simulation results in 2D and 3D.Qualitatively the same
results are also obtained for chains ofN = 20 and thus not shown.
We also note that N/k is varied in this work by varying k at a
given N.
3.1. Density of States and Error Estimation. Figure 1 shows

the density of states g(E) obtained fromWL-TM simulations for
systems with various n. We see that g(E) increases with increas-
ing E at small E and decreases at large E, and that g(E) oscillates
slightly at large E due to the use of a lattice. In addition, the range
of E is broader for systems with larger n, as expected. The
normalized probability distribution function P(E,N/k) is also
shown in Figure 1 for the n = 16 system at N/k = 0 and 500; we
see that E of those states contributing significantly to the
canonical-ensemble averages decreases with increasing N/k (as
expected, only the ground state of E = 0 contributes in the limit of
N/k f ∞), and that the E ranges we choose are broad enough
for computing canonical-ensemble averages in the range of N/k
from 0 to∞. These results are consistent with the homogeneous
melts studied in paper 1.65

As in paper 1, we define the error in βfc,FLMC(N/k) as

εf ðN=kÞ � 1
n

�����ln ∑E gðEÞ exp �C
2
N
k

E
F02

 !

� ln ∑
E
gexactðEÞ exp �C

2
N
k

E
F02

 !����� ð27Þ

where g(E) is obtained fromWL-TM simulations and gexact(E) is
the exact result. For the single-chain system of N = 20 on the 1D
lattice, gexact(E) can be obtained by enumeration; we then see
that εf(N/k = 0) decreases with increasing number of MCS in
TM simulations65 (TM MCS) and that εf decreases monotoni-
cally with increasingN/k (data not shown), as expected and also
found in paper 1.65 We can therefore use the error in βfc

id �
βfc(N/k=0) as an upper limit of εf.
We can also use the following formula to examine the accuracy

of our WL-TM simulations:

βf idc ðnÞ ¼ � 1
n
ln ∑

E
gðE;nÞ þ ln n!

n
¼ � lnðGQ idÞ þ ln n!

n

ð28Þ

where the second equal sign results from the fact that, atN/k = 0,
chains do not interact with each other and are thus uncorrelated.
LSCF theory therefore gives the exact βfc

id, e.g., βfc
id� ln n!/n =

�ln(GQid) ≈ �38.62 for N = 60 on the 1D lattice. Figure 2
shows εf(N/k = 0) = |ln∑Eg(E) � ln(GQid)|/n as a function of
TMMCS for systems with various n. We see that, with increasing
TM MCS, εf(N/k=0) decreases on average and is less than 0.06
at 2 � 107 TM MCS in all the cases. We therefore use 2 � 107

TM MCS in our WL-TM simulations hereafter.

Figure 1. Density of states g(E) (the upper four curves) and the
normalized probability distribution function P(E,N/k) (the lower two
curves) obtained fromWL-TM simulations. Note that g(E) = 0 for odd
E andwe omit such points, as well as those points at large Ewhere g(E) =
0. In addition, g(E=2) = 1 for the single-chain system.

Figure 2. log�log plot of the error in the free energy per chain, εf(N/k=0),
as a function of the number ofMonte Carlo steps of the transition-matrix
sampling, TM MCS, in our WL-TM simulations.
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3.2. Brush Structures. 3.2.1. Segmental Density Profile and
Brush Height. At N/k = 0, the ensemble-averaged segmental
density profile φ(x) from our canonical-ensemble simulations
coincides completely with the LSCF prediction (data not
shown). In this case, polymer segments do not interact with
each other and the chains are uncorrelated; because LSCF theory
includes all possible chain conformations, it gives the exact φ(x).
AsN/k increases, LSCF theory gives the typical parabolic density
profile (which is more pronounced for largerN) with a depletion
zone near the grafting substrate and an exponentially decaying
tail at large x, both of which are well understood. The density
profiles from canonical-ensemble simulations, however, are
flatter than the LSCF predictions due to the fluctuations, which
make the chains more stretched. This is shown in Figure 3a,b at

N/k = 12.5 and 125, respectively, and is also found in the toy
models of N = 3 and 4 given in the Appendix. In most cases, the
largest deviation in φ(x), defined asmax{x} |φFLMC(x)� φLSCF(x)|
with φFLMC(x) obtained from canonical-ensemble simulations
and φLSCF(x) from LSCF calculations, occurs at small x (e.g., at
x = 3 or 4) where φLSCF(x) is almost at its maximum, except for
small n at large N/k where it occurs at large x (e.g., at x = 56 for
n = 1 and 2 at N/k = 125).
On the other hand, the FLMC results approach the LSCF

predictions with increasing n (thus C) at a given N/k > 0, as
expected. To quantitatively analyze the n-dependence of φ(x), we
define εφ � {∑x=1

L [φFLMC(x) � φLSCF(x)]
2/L}1/2; Figure 3c

shows that εφ � n�1 at large n. Note that, at large N/k (e.g.,
500), εφ is nearly independent of n for small n, because the chains
are almost fully stretched in FLMC simulations.
The brush height is directly related to φ(x), i.e., h = 2∑x=1

L (x�
1)φ(x)/L. At N/k = 0, LSCF theory gives the exact value of
h(N/k=0) ≈ 12.623 for N = 60 on the 1D lattice. Figure 4a
shows that, with increasing N/k, hLSCF � h(N/k=0) mono-
tonically increases from 0 to about 46.377 in the limit ofN/kf∞.
We also see that, at smallN/k, hLSCF� h(N/k=0)�N/k, which is
also found in the toy models given in the Appendix.
Figure 4b shows hFLMC � hLSCF as a function of N/k for

systems with various n, where we see at least three regions of
different behaviors: hFLMC � hLSCF � [(N/k)/ln(N/k)]�1 at
largeN/k (Figure 4c) and hFLMC� hLSCF�N/k at intermediate
N/k (e.g., within [5, 30]); the former is also found in the toy
models given in the Appendix. Also, at small N/k, we see faster
decrease of hFLMC� hLSCF toward 0 with decreasingN/k than in
the intermediate region; this is because hFLMC < hLSCF at very
small N/k > 0, as shown in Figure 4d. While LSCF theory gives
the exact h at N/k = 0, enumeration shows that hFLMC < hLSCF
occurs at very small N/k for N g 5 on the 1D lattice. LSCF
theory therefore overestimates h at very smallN/k > 0 (forNg 5
on the 1D lattice) and underestimates it at larger N/k. On the
other hand, in the limit ofN/kf∞, the system is in the ground
state with all chains fully stretched, and LSCF theory becomes
exact in all aspects as there are no fluctuations or correla-
tions. This is different from the homogeneous melts studied in
paper 1.65

3.2.2. Free-End Distribution and Chain Dimensions. Consis-
tent with φ(x), at N/k = 0 the ensemble-averaged free-end
distribution φs=N(x) from our canonical-ensemble simulations
coincides completely with the LSCF prediction (data not
shown). Parts a and b of Figure 5 show φs=N(x) at N/k = 12.5
and 125, respectively, along with the corresponding LSCF
predictions; note that φs=N(x) = 0 at odd x for chains of even
N on the 1D lattice, and we omit such points in the figures. We
see that, well inside the brush, φs=N(x) � exp(kx/L), which is
more pronounced for systems with smaller n at larger N/k. This
exponential distribution of the free ends can be partially attrib-
uted to the fact that the lowest-energy system configuration with
one free end at x < N is the one where only one chain is in the
conformation of a straight rod with its last (N� x)/2 (which is an
integer) segments folded back and all other chains are fully
stretched; this configuration has an energy level E = N� x. Such
configurations result in an exponential distribution of free ends
with k = N/2nk, when other system configurations are ignored.
As shown in Figure 5c, this prediction works better for smaller n
and largerN/k. On the other hand, at givenN/k > 0, we find that
{∑x=1

L [φs=N,FLMC(x) � φs=N,LSCF(x)]
2/L}1/2 � n�1 at large n

(data not shown), as in the case of φ(x).

Figure 3. Polymer segmental density profiles φ(x) obtained from
canonical-ensemble simulations on the 1D lattice with various n and the
corresponding LSCF predictions at (a) N/k = 12.5 and (b) N/k = 125.
(c) shows how the difference in φ(x) between FLMC and LSCF results,
εφ, varies with n, where “k = �1” denotes a straight line of slope �1.
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The mean-square chain end-to-end distance in the x direction
Re

2 is directly related to φs=N(x), i.e., Re
2 = ∑x=1

L (x � 1)2φs=N(x).
We find that both Re

2 and the mean-square chain radius of
gyration in the x direction Rg

2 exhibit qualitatively the same
behavior as h. That is, LSCF theory gives exact Re

2 ≈ 101.5 and
Rg

2 ≈ 10.98 at N/k = 0 for N = 60 on the 1D lattice. With
increasing N/k, Re,LSCF

2 and Rg,LSCF
2 monotonically increase

toward 3481 and 299.92, respectively, in the limit of N/kf∞.
At small N/k, both Re,LSCF

2 � Re
2(N/k = 0) and Rg,LSCF

2 �
Rg

2(N/k = 0) � N/k, which are also found in the toy models
given in the Appendix. Furthermore, both Re,FLMC

2 � Re,LSCF
2

and Rg,FLMC
2� Rg,LSCF

2 are negative at very smallN/k > 0 forN
g 4 on the 1D lattice and then become positive asN/k increases,

Figure 5. Free-end distributions φs=N(x) obtained from canonical-
ensemble simulations on the 1D lattice with various n and the corre-
sponding LSCF predictions at (a)N/k = 12.5 and (b)N/k = 125. Note
that φs=N(x) = 0 at odd x and we omit such points. (c) compares the k
values obtained from the unweighed least-squares fit of φs=N (x) �
exp(kx/L) at small x with the prediction of k = N/2nk.

Figure 4. log�log plots of (a) the difference between the brush height
obtained from LSCF theory, hLSCF, and the exact value in the ideal state,
h(N/k=0), and (b) the difference between the brush height obtained
from WL-TM simulations, hFLMC, and hLSCF as functions of N/k. (c)
shows the scaling exponent of hFLMC � hLSCF with (N/k)/ln(N/k) at
N/k > 100, obtained from the numerical differentiation of the data in
part (b). (d) shows the behavior of hFLMC � hLSCF at very small N/k;
that hFLMC 6¼ hLSCF atN/k = 0 is due to the sampling errors in WL-TM
simulations.
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and they �N/k at intermediate N/k and �[(N/k)/ln(N/k)]�1

at largeN/k (data not shown); the last scaling is also found in the
toy models given in the Appendix.
3.2.3. 2D and 3D Simulations. The above FLMC results are

obtained on the 1D lattice. We have also performed canonical-
ensemble simulations on various 2D and 3D lattices with Lb = 16,
which is large enough forN = 60. Because we use n = Lb

d�1 in these
simulations, they have the sameC-value as the single-chain system
on the 1D lattice. Due to the quickly increased number of micro/
macrostates in 2D and 3D, it becomes computationally much
more expensive to obtain good estimates of DoS via WL-TM
simulations; we therefore do not perform such simulations here.
Parts a and b of Figure 6 show φ(x) and φs=N(x), respectively,

obtained from the canonical-ensemble simulations at N/k = 125
on the 2D HEX and 3D FCC lattices, along with the correspond-
ing LSCF predictions; because HEX and FCC lattices have the
same z0 = 1/3, the LSCF results are identical for these two lattices
and different from those on the 1D lattice shown in Figures 3b and
5b. We again see that the fluctuations make the chains more
stretched, i.e., that the density profiles from FLMC simulations are
flatter than the LSCF predictions. The FLMC results, however, are
closer to the LSCF predictions and the chains are less stretched in
the x direction in higher dimensions; these are also supported by h,
Rg

2, andRe
2 data (not shown). Furthermore, φs=N(x) is no longer 0

at odd x due to z0 6¼ 0, and the exponential distribution of the free
ends is no longer seen in 2D and 3D; the latter is also confirmed by
our simulations on the 3D BCC lattice with z0 = 0 (data not
shown). In all the cases, however, it is clear that φs=N,FLMC(x) <
φs=N,LSCF(x) well inside the brush. Finally, in parts a and b of

Figure 6, there is a small region at the brush tail where φ(x) and
φs=N(x) from FLMC simulations are smaller than the correspond-
ing LSCF predictions; while such a region is not seen in Figures 3b
and 5b, its existence depends on the lattice andN/k. Similar results
are also found at N/k = 250 and thus not shown.
3.3. Thermodynamic Quantities. 3.3.1. Internal Energy.

Figure 7a shows how the LSCF predictions of ELSCF/F0
2 �

∑x=1
L [φLSCF

2(x)� 1] and the directly related internal energy per
chain βuc,LSCF = (1/2N)(N/k)ELSCF/F02 vary with N/k. At
N/k = 0, LSCF theory gives ELSCF/F0

2 ≈ 208.95 for N = 60 on
the 1D lattice and βuc,LSCF = 0, both of which are exact. In the
limit of N/k f ∞, it also gives the exact results of 0 for both
quantities. At finite N/k > 0, while ELSCF/F0

2 monotonically
decreases with increasing N/k, βuc,LSCF exhibits a maximum
around N/k≈ 66.6. Furthermore, βuc,LSCF � N/k at small N/k
and βuc,LSCF � ln2(N/k)(N/k)�1 at large N/k; these scalings
are also found in the toy models given in the Appendix. The inset
of Figure 7a shows the exponent k in the corresponding scaling of
ELSCF/F02 � [(N/k)/(ln N/k)]k at N/k g 200, obtained from
the numerical differentiation of the data in Figure 7a.
Figure 7b shows (ÆEæ � ELSCF)/F02 as a function of N/k for

systems with various n, where ÆEæ is obtained from WL-TM
simulations. In all the cases, ÆEæ � ELSCF is positive at N/k = 0
and exhibits a negative minimum with increasing N/k before
approaching 0 in the limit of N/k f ∞. To understand this
behavior, we split (ÆEæ � ELSCF)/F0

2 into two parts: Δφ1 �
∑x=1
L [ÆF̂FLMC

2(x)æ/F02 � φFLMC
2(x)] is the fluctuations of local

segmental densities around their average in FLMC simulations,
and Δφ2 � ∑x=1

L [φFLMC
2(x) � φLSCF

2(x)] is the difference
between the square of the ensemble-averaged density profile in
FLMC simulations and the corresponding LSCF prediction. Both
parts are due to the fluctuation effects ignored in LSCF theory.
Figure 7c shows thatΔφ1 is always positive (at finite n andN/k).

In fact, its behavior is qualitatively the same as its equivalent in
the homogeneous melts, ÆEæ/F02, shown in Figure 3b of paper
1,65 and can be understood accordingly. In particular,Δφ1� n�1

at N/k = 0 because the chains are uncorrelated. Δφ1 decreases
monotonically toward 0 with increasing N/k. It also decreases
monotonically toward 0 with increasing n at small N/k > 0 but
exhibits a maximum at largeN/k, the location of which increases
with increasing N/k. Finally, Δφ1 � n�1 for large n at N/k > 0;
this is because the excluded-volume interactions are strongly
screened as n becomes large, which makes chains less correlated,
thus approaching the behavior at N/k = 0.65

Figure 7d shows that Δφ2 is always negative at N/k > 0 and �
n�1 at large n. Its behavior is qualitatively the same as εφ shown in
Figure 3c (apart from the opposite sign), because both measure
the difference between φFLMC(x) and φLSCF(x). Δφ2 is the
fluctuation effect not present in the homogeneous melts studied
in paper 1;65 in other words, fluctuations in an inhomogeneous
system can change the ensemble-averaged segmental density
profile, as clearly shown in Figures 3a,3b and 6a. At large N/k,
Δφ2 dominates (ÆEæ � ELSCF)/F0

2, leading to its negative values.
Once we understand the behavior of (ÆEæ � ELSCF)/F02, it is

then easy to see why LSCF theory underestimates βuc at small
N/k and overestimates it at large N/k, as shown in Figure 7e.
We further note that β(uc,FLMC � uc,LSCF) � N/k at small N/k
and β(uc,FLMC � uc,LSCF) � ln2(N/k)(N/k)�1 at large N/k;
these scalings are also found in the toy models given in the
Appendix. Finally, at small and large N/k (i.e., not close to
the finite values of N/k > 0 at which β(uc,FLMC � uc,LSCF) = 0),
β(uc,FLMC � uc,LSCF) � n�1 at large n.

Figure 6. (a) Polymer segmental density profiles φ(x) and (b) free-end
distributions φs=N(x) obtained from canonical-ensemble simulations on
the 2D hexagonal (HEX) and 3D face-centered cubic (FCC) lattices at
N/k = 125, along with the corresponding LSCF predictions.
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3.3.2. Free Energy and Entropy. As in paper 1,65 here we
compare the differences in free energy per chain, Δfc � fc(N/
k)� fc(N/k = 0), and in entropy per chain, Δsc � sc(N/k)�
sc(N/k = 0), from the ideal reference state at N/k = 0, where
chains do not interact with each other. Note that our SCF
theory gives exact fc and sc both at N/k = 0 and in the limit of
N/k f ∞.
Figure 8a shows that the LSCF predictions of βΔfc,LSCF and

�Δsc,LSCF/kB both increase monotonically with increasing N/k
toward a constant ln(GQid)≈ 38.62 in the limit ofN/kf∞ for
N = 60 on the 1D lattice. At smallN/k, however, βΔfc,LSCF�N/k
while �Δsc,LSCF/kB � (N/k)2; these are also found in the toy
models given in the Appendix.
Figure 8b shows that, at finite n and N/k > 0, β(Δfc,FLMC �

Δfc,LSCF) is always positive and exhibits a maximum, the location
of which increases while the value decreases with increasing n.

Furthermore, β(Δfc,FLMC � Δfc,LSCF) � N/k at small N/k and
β(Δfc,FLMC�Δfc,LSCF)� ln2(N/k)(N/k)�1 at largeN/k; these
are also found in the toy models given in the Appendix. On the
other hand, Figure 8c shows that β(Δfc,FLMC � Δfc,LSCF) � n�1

at large n. We also note that β(Δfc,FLMC � Δfc,LSCF) is nearly
independent of n for small n at large N/k (e.g., 1000), where the
chains are almost fully stretched in FLMC simulations.
Finally, Figure 8d shows that �(Δsc,FLMC � Δsc,LSCF)/kB

behaves similarly to β(Δfc,FLMC � Δfc,LSCF), except that it is
proportional to (N/k)2 at small N/k; at large N/k, we again
have �(Δsc,FLMC � Δsc,LSCF)/kB � ln2(N/k)(N/k)�1. The
latter is also found in the toy models given in the Appendix. We
also note that �(Δsc,FLMC � Δsc,LSCF)/kB � n�1 at large n and
that �(Δsc,FLMC � Δsc,LSCF)/kB is nearly independent of n for
small n at large N/k (data not shown), again similar to the
behavior of β(Δfc,FLMC � Δfc,LSCF).

Figure 7. (a) LSCF predictions of the energy level ELSCF/F02 and the internal energy per chain βuc,LSCF, where the inset shows k� d ln(ELSCF/F02)/
d ln[(N/k)/ln(N/k)]. (b) Difference in the ensemble-averaged energy level ÆEæ/F02 between WL-TM and LSCF results. (c) Fluctuations of local
segmental densities around their average in canonical-ensemble simulations,Δφ1, where “k =�1” denotes a straight line of slope�1 obtained from the
unweighed least-squares fit using the data points at N/k = 0. (d) Difference between the square of the ensemble-averaged density profile in canonical-
ensemble simulations and the corresponding LSCF prediction, Δφ2, where “k = �1” denotes a straight line of slope �1. (e) Difference in the internal
energy per chain between WL-TM and LSCF results, β(uc,FLMC � uc,LSCF).
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4. SUMMARY

Using fast lattice Monte Carlo (FLMC) simulations64 both in
a canonical ensemble and with Wang-Landau�transition-matrix

(WL-TM) sampling,69�71 we have studied a model system
of homopolymer brushes in an implicit, good solvent with
Kronecker δ-function interactions. The fluctuations and chain
correlations in this system are controlled by two physical
parameters: the chain number density C � n/V, where n is the
number of chains and V is the total number of lattice sites, and
N/k, whereN is the number of segments on a chain andk denotes
the solvent quality (inversely proportional to the second virial
coefficient v). Direct comparisons of the simulation results with
those from the corresponding lattice self-consistent field (LSCF)
theory, both of which are based on the same Hamiltonian (thus
without any parameter-fitting between them), unambiguously and
quantitatively reveal the fluctuations and correlations in the
system. This is the second paper in our series of studies with
similar methodology and purpose. In our first paper (referred to as
paper 1), we quantified the fluctuation/correlation effects in the
corresponding homogeneous system of compressible homopoly-
mer melts (or equivalently, homopolymers in an implicit, good
solvent),65 and the results there have helped us understand the
more complex, inhomogeneous system studied in this work. Such
direct comparisons distinguish our work from all previously
reported comparisons between SCF theories and molecular
simulations of homopolymer brushes,15,40,41,43�45,50,52,53,58,60,62

where different models were used in the theories and simulations
and thus the model differences were mixed with the consequences
of themean-field approximation (and inmost cases alsowith those
of the classical approximation and the infinite-stretching
assumption) used in the SCF theories.

As in paper 1, we have first analyzed the error in our estimated
free energy per chain βfc,FLMC, εf defined in eq 27, and found that
εf decreases monotonically with increasing N/k. We can there-
fore well control the sampling error in our simulations by
monitoring the error in βfc,FLMC(N/k=0). We have then exam-
ined in detail how C and N/k affect both the brush structures
(i.e., the ensemble-averaged segmental density profile φ(x) and
free-end distribution φs=N(x), where x denotes the direction
perpendicular to the grafting substrate, as well as the related
brush height h, mean-square chain end-to-end distance Re

2 and
radius of gyration Rg

2 in the x direction) and various thermo-
dynamic quantities (i.e., the ensemble-averaged energy level ÆEæ
and related internal energy per chain uc, the difference in free-
energy per chainΔfc� fc(N/k)� fc(N/k=0) and that in entropy
per chain Δsc � sc(N/k) � sc(N/k=0) from the ideal reference
state at N/k = 0). Such thermodynamic quantities were not
examined in previous comparisons of homopolymer brushes.
While most of our FLMC simulations are performed on a 1D
lattice, we have also used various 2D and 3D lattices, where one
chain is grafted at every lattice site at x = 1, ensuring the lateral
homogeneity of our brushes. Our FLMC results can therefore be
directly compared with the corresponding 1D LSCF calculations
to reveal the effects of fluctuations and correlations in the system.

For systems at finite C, we find that LSCF theory gives exact
results for all the above quantities both atN/k = 0 and in the limit
of N/kf∞. In the former case, this is due to the fact that there
is no chain correlations and LSCF theory includes all possible
chain conformations. LSCF theory, however, gives incorrect ÆE2æ
� ÆEæ2 = 0 as it neglects the system fluctuations; this is also found
in paper 1.65 In the latter case, the system is in the ground state of
E = 0 (i.e., no fluctuations) with all chains having the same
conformation (i.e., no correlations), and LSCF theory is exact in
all aspects; this is different from the homogeneous melts studied
in paper 1.65

Figure 8. (a) LSCF predictions of the difference in free energy per
chain, βΔfc, and that in entropy per chain, Δsc/kB, from the ideal
reference state at N/k = 0. (b) Difference in free energy per chain
between WL-TM and LSCF results, β(Δfc,FLMC � Δfc,LSCF), as a
function of N/k. (c) β(Δfc,FLMC � Δfc,LSCF) as a function of n, where
“k = �1” denotes a straight line of slope �1 obtained from the
unweighed least-squares fit using the data points at N/k = 0.1.
(d) Difference in entropy per chain between WL-TM and LSCF results,
(Δsc,FLMC � Δsc,LSCF)/kB.
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At finite C and N/k > 0, the segmental density profile obtained
from FLMC simulations φFLMC(x) is flatter than the LSCF predic-
tion φLSCF(x). The largest deviation between the two profiles occurs
in most cases close to the grafting substrate, where φLSCF(x) is
almost at itsmaximum. The profile differences, however, are smaller
in higher dimensions. For small n and largeN/k, our 1D simulations
also show an exponential distribution of the free ends well inside the
brush, which is not found in 2D and 3D simulations nor in LSCF
predictions. In all the cases, however, the free-end density from
FLMC simulations φs=N,FLMC(x) is lower than the LSCF predic-
tion φs=N,LSCF(x) well inside the brush. As for h, we find that
hLSCF� h(N/k = 0)�N/k at smallN/k, and that hFLMC� hLSCF
� N/k at intermediate N/k (e.g., within [5, 30]) and hFLMC �
hLSCF � ln(N/k)(N/k)�1 at large N/k. These behaviors are also
found in Re

2 and Rg
2.

Regarding the thermodynamic quantities, LSCF theory pre-
dicts that βuc,LSCF = 0 both atN/k = 0 and in the limit ofN/kf
∞, and that βuc,LSCF�N/k at smallN/k and βuc,LSCF� ln2(N/
k)(N/k)�1 at large N/k. Furthermore, βΔfc,LSCF and
�Δsc,LSCF/kB both increase monotonically with increasing
N/k toward a finite constant in the limit of N/kf∞. At small
N/k, however, βΔfc,LSCF � N/k while�Δsc,LSCF/kB � (N/k)2.

For our model system, ÆEæ /F02 = 2Nβuc/(N/k) is directly
related to φ(x), where the average segmental density F0 =CN. We
can therefore split (ÆEæ � ELSCF)/F0

2 into two parts: Δφ1 is the
fluctuations of local segmental densities around their average in
FLMC simulations, andΔφ2 is the difference between the square
of the ensemble-averaged density profile in FLMC simulations
and the corresponding LSCF prediction. Both parts are due to
the fluctuation effects ignored in LSCF theory, andΔφ2 is unique
for inhomogeneous systems. We find that Δφ1 is always positive
(at finite C and N/k) and has qualitatively the same behavior as
its equivalent in the homogeneousmelts studied in paper 1,65 and
that Δφ2 is always negative (at finite C and N/k > 0) and
dominates (ÆEæ � ELSCF)/F0

2 at large N/k. This explains why
LSCF theory underestimates βuc of the brushes at smallN/k and
overestimates it at large N/k. In addition, we find that β(uc,FLMC

� uc,LSCF) � N/k at small N/k and β(uc,FLMC � uc,LSCF) �
ln2(N/k)(N/k)�1 at large N/k.

On the other hand, at finite C and N/k > 0, β(Δfc,FLMC �
Δfc,LSCF) is always positive and exhibits a maximum, the location
of which increases while the value decreases with increasing C.
Furthermore, β(Δfc,FLMC � Δfc,LSCF) � N/k at small N/k and
β(Δfc,FLMC � Δfc,LSCF) � ln2(N/k)(N/k)�1 at large N/k.
�(Δsc,FLMC � Δsc,LSCF)/kB behaves similarly to β(Δfc,FLMC �
Δfc,LSCF), except that it is proportional to (N/k)

2 at small N/k.
Finally, at given N/k > 0, FLMC results approach LSCF

predictions at a rate of 1/C at large C. This scaling has also been
found in our previous work.64,65 As expected, LSCF theory is exact
in the limit of C f ∞, where there are no fluctuations or
correlations. For the homopolymer brushes studied here, however,
this scaling does not hold for certain quantities close to the finite
values of N/k at which the FLMC results concide with LSCF
predictions, e.g., ÆEæ and βuc at intermediate N/k (Figure 7b,d).

It is interesting to note that most of the above results are also
found in the toy models ofN = 3 and 4 in 1D and 2D given in the
Appendix. While the corrections to LSCF results at smallN/k are
captured by a lattice Gaussian fluctuation theory, which is analo-
gous to that presented in our paper 165 and will be reported in a
later paper in our series, to the best of our knowledge, so far no
theory explains our corrections at large N/k. We thus hope that
this work will promote the development of advanced theories that

include these identified fluctuation/correlation effects. We also
note that homopolymer brushes in an explicit solvent with varying
quality are examined in a subsequent paper in our series.66

’APPENDIX

Here we give the analytical results for brushes ofN = 3 and 4 in
1D, as well as those for laterally homogeneous brushes ofN = 3 in
2D on the square lattice, which in most cases have the same
scalings as found for larger N in the main text.

A. N = 3 in 1D. Consider n grafted chains each of N = 3
segments. There are only two possible conformations for a grafted
chain: (I) X1 = 1, X2 = 2, and X3 = 3 and (II) X1 = 1, X2 = 2, and
X3 = 1, where Xs denotes the position of the sth segment on the
chain. The total number of system configurations (density of
states) with i chains in conformation I and n � i chains in
conformation II (referred to as energy level i) isΩi = 1/i!(n� i)!,
and we have ∑i=0

n Ωi = 2n/n! (note that the chains are indis-
tinguishable). For energy level i, the normalized segmental
density at position x, denoted by φx,i � F̂i(x)/F0 with F̂i(x)
being the microscopic segmental density at x, is then φ1,i = 2� i /n,
φ2,i = 1, and φ3,i = i/n, and the corresponding system Hamiltonian
due to nonbonded interactions is βH E

i = (n/3)(N/k)(1� i/n)2.
The canonical-ensemble partition function is Z = ∑i = 0

n Ωi

exp(�βH E
i ), and the normalized probability of energy level i

is Pi = Ωi exp(�βH E
i )/Z with ∑i=0

n Pi = 1. Using φx as a short-
hand notation of φ(x), we therefore have

ϕ1 ¼ ∑
n

i¼ 0
Piϕ1;i ¼ 2� Æiæ

n
ϕ2 ¼ 1 ϕ3 ¼ 2� ϕ1

h ¼ 10� 4ϕ1
3

Re
2 ¼ 8� 4ϕ1 Rg

2 ¼ 10� 4ϕ1
9

ÆEæ
F02

¼ 2� 4Æiæ
n

þ 2Æi2æ
n2

βuc ¼ N
6k

ÆEæ
F02

βΔfcðN=kÞ � � 1
n
ln

Z ðN=kÞ
Z ðN=k ¼ 0Þ

¼ ln 2� 1
n
ln ∑

n

i¼ 0

n!
i!ðn� iÞ! exp �n

3
N
k

1� i
n

� �2
" #

ð29Þ

In the limit of nf∞, the system is dominated by a single energy
level i* having the maximum Pi*, i.e., (∂ ln Pi/∂i)|i=i* = 0. With the
Stirling approximation ln n! ≈ n ln n � n, this gives

ln
p

1� p
¼ 2

3
N
k
ð1� pÞ ð30Þ

where p � i*/n. Substituting φ1* = 2 � p into eq 30, we obtain

ϕ
�
1 ¼ 1 þ 1 þ exp

2
3
N
k
ðϕ�1 � 1Þ

� �� ��1

ð31Þ

It is easy to show that eq 31 is the same as the LSCF equations,
eqs 12�14, forN = 3; LSCF theory is therefore exact in the limit of
nf∞.Hereafterweuse “*” to denoteLSCF results.We further have

E
�

F02
¼ 2ð1� pÞ2 βu

�
c ¼ N

3k
ð1� pÞ2 ð32Þ

and with the Stirling approximation

βΔf
�
c ¼ ln 2 þ 1 þ p

2
ln p þ 1� p

2
lnð1� pÞ ð33Þ
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Fromeq30, it is clear that p(N/k =0) = 1/2, limN/kf∞ p=1 (i.e., all
chains are fully stretched and thus in conformation I), and
limN/kf∞ βuc* = (1/2) limpf1(1� p) ln(p/(1 � p)) = 0; we also
have limN/kf∞ βΔfc* = ln 2. Furthermore, at small N/k, Taylor-
expanding eq 30 gives p≈ 1/2 +N/12k� (1/72)(N/k)2, and thus

ϕ
�
1 � ϕ1ðN=k¼0Þ≈� N

12k
ð34Þ

h
� � hðN=k¼0Þ≈ N

9k
ð35Þ

Re
2� � Re

2ðN=k¼0Þ≈ N
3k

ð36Þ

Rg
2� � Rg

2ðN=k ¼ 0Þ≈ N
27k

ð37Þ

E
� � EðN=k¼0Þ

F02
≈� N

6k
ð38Þ

βu
�
c ≈

N
12k

ð39Þ

βΔf
�
c ≈

N
12k

ð40Þ

Δs
�
c=kB ≈� 1

72
N
k

� �2

ð41Þ

On the other hand, at largeN/k, Taylor-expanding eq 30 gives p≈ 1
� a(k/N) with a = �(3/2)(ln a � ln(N/k)); ignoring the ln a
term gives E*/F0

2 ≈ (9/2)ln2(N/k)(N/k)�2 and βuc* ≈
(3/4) ln2(N/k)(N/k)�1.
Similarly, for n = 1 we have

ϕ
�
1 � ϕ1 ≈

1
72

N
k

� �2

at small N=k

3
2

ln
N
k

� �
N
k

� ��1

at large N=k

8>>>><
>>>>:

ð42Þ

βðΔfc �Δf
�
c Þ≈

N
12k

� 1
432

N
k

� �3

at small N=k

9
4

ln
N
k

� �2 N
k

� ��1

at large N=k

8>>>><
>>>>:

ð43Þ

βðuc � u
�
c Þ≈

N
12k

� 1
144

N
k

� �3

at small N=k

�9
4

ln
N
k

� �2 N
k

� ��1

at large N=k

8>>>><
>>>>:

ð44Þ
For n = 2 we have

ϕ
�
1 � ϕ1 ≈

1
144

N
k

� �2

ð45Þ

βðΔfc �Δf
�
c Þ≈

N
24k

� 1
576

N
k

� �2

ð46Þ

βðuc � u
�
c Þ≈

N
24k

� 1
288

N
k

� �2

ð47Þ

at smallN/k, where the scaling of (Δsc�Δsc*)/kB = β[(uc� uc*)
� (Δfc�Δfc*)] withN/k is different from the n= 1 case; at large
N/k, the same results as in the n = 1 case are obtained. The
limiting behaviors of h � h*, Re

2 � Re
2*, and Rg

2 � Rg
2* can be

obtained from their linear relations with φ1 � φ1*.

B.N = 4 in 1D.Here we have three possible conformations for
a grafted chain: (I) X1 = 1, X2 = 2, X3 = 3, and X4 = 4, (II) X1 = 1,
X2 = 2, X3 = 3, and X4 = 2, and (III) X1 = 1, X2 = 2, X3 = 1, and
X4 = 2. The total number of system configurations (density
of states) with i chains in conformation I, j chains in conforma-
tion II and n � i � j chains in conformation III (referred to as
energy level (i, j)) is Ω(i,j) = 1/i!j!(n � i � j)!, and we have
∑i=0
n ∑j=0

n�iΩ(i,j) = 3
n/n!. For energy level (i, j), we have φ1,(i,j) = 2�

(i + j)/n, φ2,(i,j) = 2 � i/n, φ3,(i,j) = (i + j)/n, and φ4,(i,j) = i/n, and
the corresponding system Hamiltonian due to nonbonded
interactions is βH E

ði;jÞ = (n/4)(N/k)[(1 � (i + j)/n)2 +
(1 �i/n)2]. The canonical-ensemble partition function is Z =
∑i=0
n ∑j=0

n�iΩ(i,j) exp(�βH E
ði;jÞ) and the normalized probability of

energy level (i,j) is P(i,j) = Ω(i,j) exp(�βH E
ði;jÞ)/Z with

∑i=0
n ∑j=0

n�iP(i,j) = 1. We therefore have

ϕ1 ¼ 2� Æi þ jæ
n

ϕ2 ¼ 2� Æiæ
n

ϕ3 ¼ 2� ϕ1

ϕ4 ¼ 2� ϕ2 h ¼ 5� ϕ1 � ϕ2 Re
2 ¼ 17� 8ϕ2

Rg
2 ¼ 9� ϕ1 � 3ϕ2

4

ÆEæ
F02

¼ 4� Æ8i þ 4jæ
n

þ Æ4i2 þ 4ij þ 2j2æ
n2

βuc ¼ N
8k

ÆEæ
F02

βΔfcðN=kÞ ¼ ln 3� 1
n
ln ∑

n

i¼ 0
∑
n� i

j¼ 0

n!
i!j!ðn� i� jÞ!

�exp �n
4
N
k

1� i þ j
n

� �2

þ 1� i
n

� �2
" #( )

ð48Þ

In the limit nf∞, the system is dominated by a single energy level
(i*, j*) having the maximum P(i*,j*), i.e., (∂ ln P(i,j)/∂i)|i=i*,j=j* =
(∂ ln P(i,j)/∂j)|i=i*,j=j* = 0.With the Stirling approximation, this gives

ln
q

1� p� q
¼ N

2k
ð1� p� qÞ ð49Þ

ln
p
q
¼ N

2k
ð1� pÞ ð50Þ

where p � i*/n and q � j*/n. It is easy to show that these are the
same as the LSCF equations, eqs 12�14, forN= 4.We further have

E
�

F02
¼ 2½ð1� p� qÞ2 þ ð1� pÞ2�

βu
�
c ¼ N

4k
½ð1� p� qÞ2 þ ð1� pÞ2� ð51Þ
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and with the Stirling approximation

βΔf
�
c ¼ ln 3 þ 1 þ p

2
ln p þ 1� p� q

2
lnð1� p� qÞ þ q

2
ln q

ð52Þ
From eqs 49 and 50, it is clear that p(N/k=0) = q(N/k=0) =
1/3, limN/kf∞ p = 1, limN/kf∞ q = 0, and limN/kf∞ βuc* =
(1/2) limpf1,qf0 [(1 � p � q) ln(q/(1 � p � q)) + (1 � p)
ln(p/q)] = 0; we also have limN/kf∞ βΔfc* = ln 3. Furthermore, at
small N/k, Taylor-expanding eqs 49 and 50 gives p ≈ 1/3 +
(5/54)N/k � (17/1944)(N/k)2 and q ≈ 1/3� N/54k � (11/
1944)(N/k)2, and thus

ϕ
�
1 � ϕ1ðN=k¼0Þ≈� 2

27
N
k

ð53Þ

ϕ
�
2 � ϕ2ðN=k¼0Þ≈� 5

54
N
k

ð54Þ

h
� � hðN=k¼0Þ≈ N

6k
ð55Þ

Re
2� � Re

2ðN=k¼0Þ≈ 20
27

N
k

ð56Þ

Rg
2� � Rg

2ðN=k¼0Þ≈ 19
216

N
k

ð57Þ

E
� � EðN=k¼0Þ

F02
≈� 28

81
N
k

ð58Þ

βu
�
c ≈

5
36

N
k

ð59Þ

βΔf
�
c ≈

5
36

N
k

ð60Þ

Δs
�
c=kB ≈� 7

324
N
k

� �2

ð61Þ

On the other hand, at large N/k, Taylor-expanding eqs 49 and 50
gives p ≈ 1 + a(k/N) and q ≈ b(k/N) with a < 0 and b > 0
satisfying the following equations (note that a + b < 0):

a ¼ 2 ln b� 2 ln
N
k

b ¼ 2 ln½ � ða þ bÞ� � 4 ln b þ 2 ln
N
k

ð62Þ
ignoring the ln b and ln[�(a + b)] terms gives E*/F02 ≈
8 ln2(N/k)(N/k)�2 and βuc* ≈ ln2(N/k)(N/k)�1.
Similarly, for n = 1 we have

ϕ
�
1 � ϕ1 ≈

N
108k

þ 85
7776

N
k

� �2

at small N=k

2 ln 2 ln
N
k

� �
N
k

� ��1

at large N=k

8>>>><
>>>>:

ð63Þ

ϕ
�
2 � ϕ2 ≈

� N
108k

þ 95
7776

N
k

� �2

at small N=k

2 ln
N
k

� �
N
k

� ��1

at large N=k

8>>>><
>>>>:

ð64Þ

βðΔfc �Δf
�
c Þ≈

N
9k

þ 1
1296

N
k

� �2

at small N=k

ln
N
k

� �2 N
k

� ��1

at large N=k

8>>>><
>>>>:

ð65Þ

βðuc � u
�
c Þ≈

N
9k

þ 1
648

N
k

� �2

at small N=k

� ln
N
k

� �2 N
k

� ��1

at large N=k

8>>>><
>>>>:

ð66Þ

Note that the result at large N/k in eq 63 is obtained under the
approximation a + b≈�2 ln b. The limiting behaviors of h� h*,
Re

2 � Re
2*, and Rg

2 � Rg
2* can be obtained from their linear

relations with φ1 � φ1* and φ2 � φ2*.

C.N = 3 on 2D Square Lattice.Consider nt grafted chains each
ofN= 3 segments on 2D square lattice (SQL) withV=NLb. There
are totally ten different conformations for each chain, thus nine
indices are needed to specify an energy level in general, which
makes it difficult to obtain the analytical solution. We therefore
further assume the lateral homogeneity of the brush, where
n = nt/Lb chains are grafted at each lattice site at x = 1.
The ten conformations can then be grouped into four classes:
(I) F̂(x = 1) = 3, F̂(x = 2) = 0, and F̂(x = 3) = 0, (II) F̂(x=1) = 2,
F̂(x=2) = 1, and F̂(x=3) = 0, (III) F̂(x=1) = 1, F̂(x=2) = 2, and
F̂(x=3) = 0, and (IV) F̂(x=1) = 1, F̂(x=2) = 1, and F̂(x=3) = 1. The
total number of system configurations (density of states) with i
chains in class I, j chains in class II, k chains in class III, and
n� i� j� k chains in class IV (referred to as energy level (i, j, k))
isΩ(i,j,k) = 4

i3j2k/[i!j!k!(n� i� j� k)!], where 4i is due to the fact
that there are four different conformations in class I, and so on.
Clearly, we have ∑i=0

n ∑j=0
n�i∑k=0

n�i�jΩ(i,j,k) = 10n/n!. For energy level
(i, j, k),wehave φ1,(i,j,k) = 1+ (2i+ j)/n, φ2,(i,j,k) = 1+ (k� i)/n, φ3,(i,j,k)
= 1� (i + j + k)/n, and the corresponding systemHamiltonian due
to nonbonded interactions is βH E

ði;j;kÞ = (1/6n)(N/k)[6i2 + 2j2 +
2k2 + 6ij + 2jk]. The canonical-ensemble partition function is Z =
∑i=0
n ∑j=0

n�i∑k=0
n�i�jΩ(i,j,k) exp(�βH E

ði;j;kÞ) and the normalized probabil-
ity of energy level (i, j, k) is P(i,j,k) =Ω(i,j,k) exp(�βH E

ði;j;kÞ)/Z with
∑i=0
n ∑j=0

n�i∑k=0
n�i�jP(i,j,k) = 1. We therefore have

ϕ1 ¼ 1 þ Æ2i þ jæ
n

ϕ2 ¼ 1� Æi� kæ
n

h ¼ 4� 2
3
ð2ϕ1 þ ϕ2Þ Re

2 ¼ 4� Æ12i þ 10j þ 9kæ
3n

Rg
2 ¼ 2

3
� Æ6i þ 4j þ 4kæ

9n

ÆEæ
F02

¼ Æ6i2 þ 2j2 þ 2k2 þ 6ij þ 2jkæ
3n

βuc ¼ N
6k

ÆEæ
F02
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βΔfcðN=kÞ ¼ ln 10� 1
n
ln ∑

n

i¼ 0
∑
n� i

j¼ 0
∑

n� i� j

k¼ 0

4i3j2kn!
i!j!k!ðn� i� j� kÞ!

�exp �3i2 þ j2 þ k2 þ 3ij þ jk
3n

N
k

 !
ð67Þ

In the limit of n f ∞, the system is dominated by a single
energy level (i*, j*, k*) having the maximum P(i*,j*,k*), i.e.,
(∂ ln P(i,j,k)/∂i)|i=i*,j=j*,k=k* = (∂ ln P(i,j,k)/∂j)|i=i*,j=j*,k=k* =
(∂ ln P(i,j,k)/∂k)|i=i*,j=j*,k=k* = 0. With the Stirling approximation and
a little algebra (i.e., only two of these equations are independent and
k*/n = 9q2/8p), we obtain

ln
1� p� q� 8q2=9p

p=4
¼ N

k
ð2p þ qÞ ð68Þ

ln
1� p� q� 8q2=9p

q=3
¼ N

k
p þ 2q

3
þ 8q2

27p

 !
ð69Þ

where p� i*/n and q� j*/n. It is easy to show that these are the same
as the LSCF equations, eqs 12�14, for N = 3 on SQL (i.e., with
z0 = 1/2). We further have

E
�

F02
¼ 6p2 þ 2q2 þ 128q4

81p2
þ 6pq þ 16q3

9p
βu

�
c ¼ N

6k
E
�

F02

ð70Þ
and with the Stirling approximation

βΔf
�
c ¼ ln 10 þ N

k
p2 þ pq þ q2

3
þ 64q4

243p2
þ 8q3

27p

 !

þ p ln
p
4
þ q ln

q
3
þ 8q2

9p
ln
4q2

9p

þ 1� p� q� 8q2

9p

 !
ln 1� p� q� 8q2

9p

 !

ð71Þ
From eqs 68 and 69, it is clear that p(N/k=0) = 2/5, q(N/k=0) =
3/10, limN/kf∞ p = 0, limN/kf∞ q = 0, and limN/kf∞ βuc* = 0; we
also have limN/kf∞ βΔfc* = ln 10. Furthermore, at small N/k,
Taylor-expanding eqs 68 and 69 gives p≈ 2/5� (62/375)(N/k) +
(1969/28125)(N/k)2 and q ≈ 3/10 + (3/500)(N/k) � (4669/
150000)(N/k)2, and thus

ϕ
�
1 � ϕ1ðN=k¼0Þ≈� 487

1500
N
k

ð72Þ

ϕ
�
2 � ϕ2ðN=k¼0Þ≈ 32

125
N
k

ð73Þ

h
� � hðN=k¼0Þ≈ 59

225
N
k

ð74Þ

Re
2� � Re

2ðN=k¼0Þ≈ 277
750

N
k

ð75Þ

Rg
2� � Rg

2ðN=k¼0Þ≈ 227
3375

N
k

ð76Þ

E
� � EðN=k ¼ 0Þ

F02
≈� 1763

1875
N
k

ð77Þ

βu
�
c ≈

103
300

N
k

ð78Þ

βΔf
�
c ≈

103
300

N
k

ð79Þ

Δs
�
c=kB ≈ � 1763

22500
N
k

� �2

ð80Þ

On the other hand, at large N/k, Taylor-expanding eqs 68 and 69
gives p≈ a(k/N) and q≈ b(k/N) with a > 0 and b > 0 satisfying
the following equations:

2a þ b ¼ � ln
a
4
þ ln

N
k

3a þ 2b þ 8b2

9a
¼ � 3 ln

b
3
þ 3 ln

N
k

ð81Þ

ignoring the ln(a/4) and ln(b/3) terms gives E*/F02 ≈
6 ln2(N/k)(N/k)�2 and βuc* ≈ ln2(N/k)(N/k)�1.
Similarly, for n = 1 (i.e., one chain grafted at each lattice site at

x = 1), we have

ϕ
�
1 � ϕ1 ≈

� 6
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N
k

at small N=k

ln
N
k

� �
N
k

� ��1

at large N=k

8>>><
>>>:

ð82Þ
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at large N=k

8>>><
>>>: ð83Þ
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N
k
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k
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at small N=k
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k

� ��1

at large N=k
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>>>>:

ð84Þ
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c Þ≈
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N
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7500

N
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� ln
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k
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at large N=k

8>>>><
>>>>:

ð85Þ
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2 � Re
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305� ffiffiffiffiffiffiffi
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p
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Rg
2 � Rg

2� ¼
� 4
1125

N
k

� �
at small N=k

75� ffiffiffiffiffiffiffi
105

p
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ln
N
k

� �
N
k

� ��1

at large N=k

8>>>><
>>>>:

ð87Þ

The limiting behaviors of h � h* can be obtained from its linear
relation with φ1 � φ1* and φ2 � φ2*.
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